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Abstract. We determine all the Fourier-Mukai transforms for coherent systems consisting of
a vector bundle over an elliptic curve and a subspace of its global sections, showing that these
transforms are indexed by the positive integers. We prove that the natural stability condition
for coherent systems, which depends on a parameter, is preserved by these transforms for
small and large values of the parameter. By means of the Fourier-Mukai transforms we prove
that certain moduli spaces of coherent systems corresponding to small and large values of the
parameter are isomorphic. Using these results we draw some conclusions about the possible
birational type of the moduli spaces. We prove that for a given degree d of the vector bundle
and a given dimension of the subspace of its global sections there are at most d different
possible birational types for the moduli spaces.
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1 Introduction
Fourier-Mukai transforms have proved to be a very useful tool for studying moduli spaces
of vector bundles. These transforms have been used in a wide range of situations that
include, among others, abelian varieties [20], abelian and K3 surfaces [18, 25, 4], and elliptic
fibrations [6, 11, 13]. The applications to moduli spaces of augmented vector bundles has
been initiated recently and cover the cases of Higgs bundles [3] and holomorphic triples
[12].
In this paper we endeavor to apply Fourier-Mukai transforms to study the moduli
spaces of a different type of augmented structure, namely coherent systems on elliptic
curves. Their moduli spaces have been studied by Lange and Newstead in the recent paper
[16]. Although coherent systems may be thought of as particular instances of holomorphic
triples, their stability notions are actually different. Therefore, the results of this paper
do not follow from the study carried out in [12]. Moreover, the scope of the present
work is wider than that of [12] in two respects. Firstly, we deal with all the Fourier-Mukai
transforms that act naturally on the category of coherent systems rather than concentrating
on the original transform introduced by Mukai. Secondly, we do not restrict ourselves to
any coprimality assumptions on the topological invariants of the coherent systems.
Let us explain our method. As a first step, which is necessary in order to study all
the Fourier-Mukai transforms that act on coherent systems, we must have a clear picture
of ordinary Fourier-Mukai transforms on an elliptic curve X and their action on bundles.
Based on previous results of Bridgeland [11] and Hille-van den Bergh [14], we obtain a
complete characterization of the action of any Fourier-Mukai transform on stable and
semistable bundles on an elliptic curve.
A coherent system (E, V ) of type (r, d, k) consists of a vector bundle E with rank
r, degree d and a k-dimensional subspace V of its global sections. As is well known,
(E, V ) can be identified with its evaluation map V ⊗ OX → E, and in this way we
may regard coherent systems as a subcategory S(X) of the abelian category C(X) whose
objects are arbitrary maps ϕ : V ⊗ OX → E where V is a finite dimensional vector space
and E is any coherent sheaf. The second step of our method aims at the determination
of all the Fourier-Mukai transforms that act on coherent systems on an elliptic curve.
Since any Fourier-Mukai transform Φ acts in a natural way on arbitrary sheaf maps, we
only have to determine which transforms leave the category S(X) invariant. We start
by considering the same, but easier, problem for C(X). Once this is solved, the spectral
sequence Ep,q2 = H
p(X,Φq(E))⇒ Hp+q(Y,Φ(E)) attached to any integral functor Φ allows
us to obtain the Fourier-Mukai transforms that act on S(X) (see Propositions 3.6, 3.7).
With these results at hand we proceed to study the preservation of stability under
Fourier-Mukai transforms. Let us recall that the stability notion for coherent systems
depends on a real parameter α > 0. Moreover, the α-range for which α-stable coherent
systems do exist is divided into a finite number of open intervals such that the moduli
spaces G(α; r, d, k) for any two values of α inside the same interval coincide. The behavior
of the bundle that forms a coherent system with respect to Fourier-Mukai transforms is not
always easy to determine. However, there are two moduli spaces G0(r, d, k), and GL(r, d, k)
if we assume that k < r, (corresponding to the first and last open intervals, respectively)
for which we are able to establish the preservation of stability. Our study is based on the
fact that in any coherent system (E, V ) ∈ G0(r, d, k) over a projective curve the bundle E
is semistable, whereas if (E, V ) ∈ GL(r, d, k) then E is the middle term of a BGN extension
(see Definition 4.6) with semistable quotient. The key point now is the determination of
the sufficient conditions for the converses to be true, see Propositions 4.2, 4.8. In the
particular case of the moduli space GL(r, d, k), our techniques allow us to prove in addition
the preservation of the families BGN (r, d, k), BGN s(r, d, k) of BGN extension classes of
type (r, d, k) on X in which the quotient is semistable or stable, respectively. These families
are important on their own and are related to the moduli space by the chain of inclusions
BGN s(r, d, k) →֒ GL(r, d, k) →֒ BGN (r, d, k).
These ideas allow us to prove the main results of the paper (Theorems 4.5, 4.15), namely
that certain moduli spaces of coherent systems are isomorphic, with the isomorphisms given
by the Fourier-Mukai transforms Φa described in Section 3.2. More precisely we have:
Theorem. Let a be any positive integer. The Fourier-Mukai transforms Φa induce iso-
morphisms of moduli spaces
1. Φ0a : G0(r, d, k)→ G0(r + ad, d, k)
2. Φ0a : GL(r, d, k)→ GL(r + ad, d, k) (k < r)
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It follows that the isomorphism type of G0(r, d, k) and GL(r, d, k) (with k < r) depends
only on the class [r] ∈ Z/dZ.
In the particular case where r and d are coprime, Lange and Newstead proved (see [16,
Proposition 8.1]) that the moduli space G0(r, d, k) can be identified with the Grassmannian
bundle over the moduli space of stable bundles M(r, d) of subspaces of dimension k in the
fibres of the Picard bundle p2∗U , where U is a Poincare´ bundle on X ×M(r, d) and p2 is
the projection onto the second factor. In the same way if r − k and d are coprime with
0 < k < r, they showed that GL(r, d, k) can be identified with the Grassmannian bundle
over M(r − k, d) of subspaces of dimension k in the fibres of the Picard bundle (p2∗U ′)∗,
where U ′ is a Poincare´ bundle on X ×M(r − k, d). Therefore, in these particular cases it
is conceivable that one could prove that G0(r, d, k) and G0(r + ad, d, k) are isomorphic, as
well as GL(r, d, k) and GL(r+ ad, d, k), by solely using the properties of the moduli spaces
of stable bundles and of their Poincare´ bundles. However it is interesting to point out that
our proof gives explicit isomorphisms by means of the Fourier-Mukai transforms.
As an application of our results we are able to draw some conclusions about the possible
birational type of the moduli spaces. Lange and Newstead proved in [16] that the birational
type of G(α; r, d, k) is independent of α. Therefore, the birational type of the moduli spaces
can be determined by considering any of the finitely many different moduli spaces. Taking
into account the preceding Theorem, the natural candidates to consider are G0(r, d, k) and
GL(r, d, k). However, the latter is less convenient than the former since we have studied it
under the restriction k < r. In this way we prove that the birational types of G(α; r, d, k)
and G(α; r+ ad, d, k) are the same. Thus, the birational type of G(α; r, d, k) depends only
on the class [r] ∈ Z/dZ. We conclude that for fixed d and k, there are at most d different
birational types for the moduli spaces of coherent systems of type (r, d, k).
We finish with a brief comment on the possible generalizations and applications of the
work carried out in this paper. Our method, based on the Fourier-Mukai transform, is
not suitable for other than elliptic curves. Fourier-Mukai transforms have proved to be
well-behaved in the case of varieties with trivial canonical sheaf (and some other closely
related cases) and in this sense, one natural generalization of our paper would be to the
case of coherent systems on higher dimensional abelian varieties. Other possible future
application is to relative coherent systems on elliptic fibrations, following the guidelines
established by many authors (see for instance [1, 13, 4]), in the same vein of the Friedman-
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Morgan-Witten classical application of sheaves on elliptic fibrations to mirror symmetry.
We plan to study these new cases in forthcoming papers.
The paper is organized as follows. In Section 2 after briefly recalling some facts on
integral functors we obtain a complete description of Fourier-Mukai transforms on an el-
liptic curve and their action on stable and semistable bundles. Section 3 is devoted to
the determination of all the Fourier-Mukai transforms that act on coherent systems on an
elliptic curve. In Section 4 we address the question of preservation of stability of coherent
systems under the Fourier-Mukai transforms determined in Section 3. The study of this
question is divided in two cases, corresponding to the moduli spaces for small and large
values of the parameter α, which require different techniques. We prove in this section the
isomorphisms induced by the Fourier-Mukai transforms between moduli spaces, Theorems
4.5, 4.15. The isomorphism between families of BGN extensions classes is proved in Theo-
rem 4.12. Finally, in Section 5 we apply the previous results to obtain some conditions for
the birational type of the moduli spaces of coherent systems.
In this paper we work over the field of complex numbers C.
2 Fourier-Mukai transforms on elliptic curves
We begin this section by briefly recalling the facts on integral functors that we use in
the paper, for further details the reader is referred, for instance, to [19, 7, 1, 5]. Given
two smooth varieties X and Y and an object P ∈ D(X × Y ), one defines a functor
ΦPX→Y : D(X) −→ D(Y ) between the bounded derived categories of X and Y , by the
formula
ΦPX→Y (−) = RπY,∗(π
∗
X(−)
L
⊗P),
where πX and πY are the projections from X × Y to X and Y , respectively. We say that
Φ = ΦPX→Y is an integral functor with kernel P.
Definition 2.1. Given an object E of D(X) we set Φi(E) = Hi(Φ(E)). A sheaf E on X
is said to be Φ-WITi if Φ
j(E) = 0 for all j 6= i. We say E is Φ-WIT if it is Φ-WITi for
some i, and in this case we often write Eˆ for Φi(E), and refer to Eˆ as the transform of E.
Define
Q = P∨ ⊗ π∗Y ωY ,
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and put Ψ = ΦQY→X . It is a simple consequence of Grothendieck-Verdier duality that
Ψ[dimY ] is a left adjoint of Φ. Moreover, if Φ is fully faithful one has an isomorphism of
functors
Ψ ◦ Φ ∼= IdD(X)[− dim Y ].
Definition 2.2. We say that the integral functor Φ: D(X) → D(Y ) is a Fourier-Mukai
functor if it defines an equivalence of categories. If in addition, the kernel P of Φ is a
sheaf, then we say that Φ is a Fourier-Mukai transform.
Now we recall the definition of IT-sheaves for a Fourier-Mukai transform.
Definition 2.3. Let Φ be a Fourier-Mukai transform. A sheaf E on X is said to be Φ-ITi
if it is Φ-WITi and its unique transform Eˆ = Φ
i(E) is locally-free.
In the situations in which we can apply the theorem on cohomology and base change
we can express this condition in the following equivalent way.
Remark 2.4. If the kernel P is a locally free sheaf then E is Φ-ITi if the cohomology group
Hj(X,E⊗Py) = 0 vanishes for every j 6= i and every y ∈ Y , where Py is the restriction of
P to X × {y}. In this case, the fibre over y ∈ Y of the unique transform Eˆ is canonically
isomorphic to H i(X,E ⊗ Py).
Let us consider now an elliptic curve X . Given a sheaf E on X we write its Chern
character as a pair of integers (r(E), d(E)). Let α and β be coprime integers with β > 0
and let Y = M(β, α) be the moduli space of stable bundles on X of Chern character (β, α).
The work of Atiyah [2] (see also Tu [24]) implies that Y is isomorphic to X ; we preserve
the distinction for clarity. Let P be a universal bundle on X × Y , and put
Φ = ΦPX→Y , Ψ = Φ
P∨
Y→X .
As we noted above, Ψ[1] is a left adjoint of Φ. The following results on the classification
of Fourier-Mukai transforms on elliptic curves (Proposition 2.5 and Theorem 2.6) are due
to Bridgeland [11].
Proposition 2.5. The functor Φ is a Fourier-Mukai transform.
By the Grothendieck-Riemann-Roch theorem there is a group homomorphism Φ∗ mak-
ing the following diagram commute
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D(X)
Φ //
ch

D(Y )
ch

Heven(X,Z)
Φ∗ // Heven(Y,Z)
Since Φ∗ is an invertible morphism whose inverse is −Ψ∗ it follows that Φ∗ is given by
a matrix of the form A =
(
α β
γ δ
)
that belongs to SL(2,Z).
Recall that a Y -flat sheaf P on X × Y is said to be strongly simple over Y if Py is
simple for all y ∈ Y , and if for any pair y1, y2 of distinct points of Y and any integer i one
has ExtiX(Py1 ,Py2) = 0. Taking into account the isomorphism X ≃ Y we have:
Theorem 2.6. Let X be an elliptic curve and take an element
A =
(
α β
γ δ
)
∈ SL2(Z),
such that β > 0. Then there exist vector bundles on X ×X that are strongly simple over
both factors, and which restrict to give bundles of Chern character (β, α) on the first factor
and (β, δ) on the second. For any such bundle P, the resulting functor Φ = ΦPX→X is a
Fourier-Mukai transform, and satisfies(
r(Φ(E))
d(Φ(E))
)
=
(
α β
γ δ
)(
r(E)
d(E)
)
,
for all objects E of D(X).
The importance of this theorem lies in the fact that it essentially describes all the
Fourier-Mukai transforms on an elliptic curve. In order to have a complete description we
must recall the relation that exists between these transforms and derived autoequivalences.
The fundamental result, proved by Orlov [21], is that any derived equivalence between
bounded derived categories of smooth projective manifolds is obtained from a Fourier-
Mukai functor whose kernel is unique up to isomorphisms; he also determined in [22] the
group of derived auto-equivalences of an abelian variety. The particular case of elliptic
curves has been considered by Hille and van den Bergh in [14], these authors proved the
theorem that follows.
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Theorem 2.7. Let X be an elliptic curve. The group of derived auto-equivalences Aut(D(X))
sits in the exact sequence
0→ 2Z×Aut(X)⋉ Pic0(X)→ Aut(D(X))
ch
−→ SL(2,Z)→ 0
where n ∈ Z acts by means of the shift functor [n], the transform corresponding to (f, L) ∈
Aut(X)⋉Pic0(X) sends E to f∗(L⊗E) and for any Φ ∈ Aut(D(X)) we have ch(Φ) = Φ∗.
For the rest of the paper it is crucial to have a good understanding of the action of
Fourier-Mukai transforms on vector bundles over elliptic curves. The following result, in
the case of simple sheaves, was proved by Bridgeland [11]. The extension to indecomposable
sheaves is straightforward.
Proposition 2.8. Let X be an elliptic curve and let Φ = ΦPX→X : D(X) → D(X) be a
Fourier-Mukai transform. Any simple (indecomposable) sheaf E on X is Φ-WIT and the
transform Eˆ is a simple (indecomposable) sheaf.
Remark 2.9. We recall that a simple (indecomposable) vector bundle on an elliptic curve
X is stable (semistable). In particular, a vector bundle on X is simple if and only if it is
stable (see [11]).
Now we determine the action of any Fourier-Mukai transform on stable and semistable
bundles over an elliptic curve, these are the main results of this section.
Proposition 2.10. Let Φ: D(X) → D(X) be a Fourier-Mukai transform on an elliptic
curve X with Φ∗ =
(
α β
γ δ
)
, where β > 0, and let E be a semistable (stable) vector
bundle of Chern character ch(E) = (r, d) over X.
1. If α r + β d > 0 then E is Φ-IT0 and the transform Ê is also semistable (stable).
2. If α r + β d = 0 then E is Φ-WIT1 and the transform Ê is a torsion sheaf.
3. If α r + β d < 0 then E is Φ-IT1 and the transform Ê is also semistable (stable).
Finally, if E is Φ-WITi then ch(Ê) = (−1)iΦ∗(ch(E)).
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Proof. By Theorem 2.6 there exists a vector bundle P → X × X that is strongly simple
over both factors and such that Φ = ΦPX→X . Since E is semistable and P|X×{x} is stable
with ch(P|X×{x}) = (β, α) it follows that E⊗P|X×{x} is semistable and deg(E⊗P|X×{x}) =
α r + β d. The Φ-IT statements follow now from the Riemann-Roch Theorem and the
vanishing of all sections of a semistable vector bundle of negative degree. In these cases
the preservation of stability (semistability) follows from Proposition 2.8 and Remark 2.9.
Now let us assume that α r + β d = 0. Since α and β are relatively prime it follows
that r = h β, d = −hα where h = gcd(r, d) is the greatest common divisor of r and d.
Therefore, the quotients Ei of any Jordan-Ho¨lder filtration of E are stable vector bundles
of slope −α
β
. It follows that ch(Ei) = (β,−α). On the other hand, if Ψ[1] is the quasi-
inverse of Φ, the skyscraper sheaf Ox of a point x ∈ X is Ψ−WIT0 with Ψ0(Ox) = P∨|X×{x}
and ch(P∨|X×{x}) = (β,−α). Therefore every stable bundle with Chern character (β,−α)
is Φ −WIT1 and its transform is a torsion sheaf. The second statement follows now by
considering a Jordan-Ho¨lder filtration.
In a similar way we prove:
Proposition 2.11. Let Ψ[1] : D(X) → D(X) be the quasi-inverse of Φ and let E be a
semistable (stable) vector bundle of Chern character ch(E) = (r, d) over X.
1. If −δ r + β d > 0 then E is Ψ-IT0 and the transform Ê is also semistable (stable).
2. If −δ r + β d = 0 then E is Ψ-WIT1 and the transform Ê is a torsion sheaf.
3. If −δ r + β d < 0 then E is Ψ-IT1 and the transform Ê is also semistable (stable).
Finally, if E is Ψ-WITi then ch(Ê) = (−1)i+1 (Φ∗)−1(ch(E)).
3 Fourier-Mukai transforms for coherent systems
3.1 Coherent systems
A coherent system of type (r, d, k) on a smooth projective curve X is by definition a pair
(E, V ) consisting of a vector bundle E of rank r and degree d over X and a vector subspace
V ⊂ H0(X,E) of dimension k. A morphism f : (E ′, V ′)→ (E, V ) of coherent systems is a
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homomorphism of vector bundles f : E ′ → E such that f(V ′) ⊂ V . If E ′ is a subbundle
of E then we say that (E ′, V ′) is a coherent subsystem of (E, V ). With this definition,
coherent systems on X form an additive category S(X) (see [17] §4.1).
For any real number α, the α-slope of a coherent system (E, V ) of type (r, d, k) is
defined by
µα(E, V ) =
d
r
+ α
k
r
.
A coherent system (E, V ) is called α-stable ( α-semistable) if
µα(E
′, V ′) < µα(E, V ) (µα(E
′, V ′) ≤ µα(E, V ))
for every proper coherent subsystem (E ′, V ′) of (E, V ).
Following [15], by replacing a coherent system (E, V ) by its evaluation map V⊗OX → E
we may regard coherent systems as forming a subcategory of the abelian category C(X)
whose objects are arbitrary sheaf maps ϕ : V ⊗ OX → E where V is a finite dimensional
vector space and E is any coherent sheaf. A morphism in C(X) from ϕ1 : V1⊗OX → E1 to
ϕ2 : V2 ⊗OX → E2 is given by a linear map f : V1 → V2 and a sheaf map g : E1 → E2 such
that the following diagram commutes
V1 ⊗OX
ϕ1 //
f⊗1

E1
g

V2 ⊗OX
ϕ2 // E2.
With this definition, the category S(X) of coherent systems is a full subcategory of C(X).
Remark 3.1. An object ϕ : V ⊗OX → E of C(X) represents a coherent system if and only if
E is a vector bundle and the induced map H0(ϕ) : V → H0(X, E) is injective. Considering
the natural exact sequence
0→ N
j
−→ V ⊗OX
ϕ
−→ E → F → 0
where N = Kerϕ, F = Cokerϕ, the injectivity of H0(ϕ) is equivalent to H0(X,N) = 0.
The notion of α-(semi)stability of coherent systems can be extended to C(X). This
extension does not introduce new semistable objects. That is, an object ϕ of C(X) is
α-(semi)stable if and only if it is an α-(semi)stable coherent system (see [15] §2).
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The full subcategory Sα,µ(X) of C(X) consisting of α-semistable coherent systems with
fixed α-slope µ is a Noetherian and Artinian abelian category whose simple objects are
precisely the α-stable coherent systems (see [15, 23]).
The α-stable coherent systems of type (r, d, k) on X form a quasiprojective moduli
space that we denote by G(α; r, d, k). In the particular case where X is an elliptic curve,
Lange and Newstead [16] have obtained a complete description of these moduli spaces.
In order to state their results, we first recall the definition of the Brill-Noether number
β(r, d, k) [9, Definition 2.7]. For an elliptic curve, this is independent of r and we write
β(d, k) := β(r, d, k) = k(d− k) + 1.
As before, M(r, d) denotes the moduli space of stable bundles of rank r and degree d on
X . Note that, if k ≥ 1 and α ≤ 0, there do not exist α-stable coherent systems of type
(r, d, k) (see [9, Section 2.1]). The main results of [16] can now be summarized as follows.
Theorem. Let X be an elliptic curve and suppose r ≥ 1, k ≥ 0. Then
(i) if G(α; r, d, k) 6= ∅, it is smooth and irreducible of dimension β(d, k);
(ii) G(α; r, d, 0) ≃M(r, d) for all α; in particular it is non-empty if and only if gcd(r, d) =
1;
(iii) for α > 0 and k ≥ 1, G(α; 1, d, k) is independent of α and is non-empty if and only
if either d = 0, k = 1 or k ≤ d;
(iv) for α > 0, r ≥ 2 and k ≥ 1, G(α; r, d, k) 6= ∅ if and only if (r − k)α < d and either
k < d or k = d and gcd(r, d) = 1.
3.2 Fourier-Mukai transforms
As a first step to transform coherent systems on an elliptic curve X be begin by studying
the Fourier-Mukai transforms Φ: D(X) → D(X) that act on the abelian category C(X).
A natural requirement for such a transform Φ is that OX should be Φ-WITi and Φ
i(OX) =
OX .
Proposition 3.2. Let a be a positive integer. There exists a Fourier-Mukai transform
Φa : D(X)→ D(X), unique up to composition with automorphisms of X, such that OX is
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Φa-IT0, Φ
0
a(OX) = OX and (Φa)∗ =
(
1 a
0 1
)
.
If Ψa[1] : D(X)→ D(X) is the quasi-inverse of Φa then OX is Ψa-IT1, Ψ1a(OX) = OX
and (Ψa)∗ =
(
−1 a
0 −1
)
.
Proof. Let Φ: D(X) → D(X) be a Fourier-Mukai transform such that Φ∗(ch(OX)) =
ch(OX). Then Φ∗ =
(
α β
γ δ
)
has ch(OX) = (1, 0) as an eigenvector, therefore α = 1
and γ = 0. Moreover, since Φ∗ ∈ SL(2,Z) we must have δ = 1. If we set β = a, we get
Φ∗ =
(
1 a
0 1
)
. By Theorem 2.6 there exist vector bundles P on X ×X , strongly simple
over both factors, such that Φ∗ = (Φ
P
X→X)∗. Moreover, by Theorem 2.7, Φ is determined
up to composition with the transforms f∗(L ⊗ (−)) where (f, L) ∈ Aut(X) ⋉ Pic
0(X).
Therefore, we can write Φ = f∗(L⊗ (−))◦ΦPX→X and Φ(OX) = f∗(L⊗ (Φ
P
X→X(OX))). The
condition Φ0(OX) = OX uniquely determines L and leaves f ∈ Aut(X) undetermined.
Definition 3.3. The Fourier-Mukai transforms Φa, Ψa define functors Φ
0
a : C(X)→ C(X),
Ψ1a : C(X)→ C(X) that send the object ϕ : V ⊗OX → E to
Φ0a(ϕ) : V ⊗OX → Φ
0
a(E)
Ψ1a(ϕ) : V ⊗OX → Ψ
1
a(E),
respectively.
Let us recall that for any integral functor Φ: D(X) → D(Y ) and any sheaf E there is
a spectral sequence
Ep,q2 = H
p(X,Φq(E))⇒ Hp+q(Y,Φ(E))
that is obtained from the spectral sequence for the composition of two derived functors.
Remark 3.4. In the particular case of an integral functor Φ: D(X)→ D(X) on an elliptic
curve X , the spectral sequence collapses at the 2nd term and for every integer n we get an
exact sequence
0→ H1(X,Φn−1(E))→ Hn(X,Φ(E))→ H0(X,Φn(E))→ 0
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△Lemma 3.5. Let X be an elliptic curve and let us consider the Fourier-Mukai transform
Φa : D(X)→ D(X) and its quasi-inverse Ψa[1] : D(X)→ D(X).
1. There is an exact sequence
0→ H1(X,Φ0a(E))→ H
1(X, E)→ H0(X,Φ1a(E))→ 0
together with the information H0(X,Φ0a(E)) ≃ H
0(X,E), H1(X,Φ1a(E)) = 0.
2. There is an exact sequence
0→ H1(X,Ψ0a(E))→ H
0(X, E)→ H0(X,Ψ1a(E))→ 0
together with the information H0(X,Ψ0a(E)) = 0, H
1(X,Ψ1a(E)) ≃ H
1(X,E).
Proof. Since Φa is an equivalence and OX is Φa−WIT0 we have H
n(X,Φa(E)) ≃ H
n(X, E).
In a similar way we get Hn(X,Ψa(E)) ≃ Hn−1(X, E). According to Remark 3.4 this is
enough.
Proposition 3.6. For any coherent system ϕ : V ⊗OX → E its Φ0a-transform
Φ0a(ϕ) : V ⊗OX → Φ
0
a(E)
is a coherent system. Therefore, the functor Φ0a : C(X) → C(X) leaves the subcategory
S(X) of coherent systems stable and we get an induced functor
Φ0a : S(X)→ S(X).
Proof. Applying the transform Φ0a to the natural exact sequence
0→ N
j
−→ V ⊗OX
ϕ
−→ E → F → 0
we get the exact sequence 0 → Φ0a(N)
Φ0a(j)−−−→ V ⊗ OX
Φ0a(ϕ)−−−→ Φ0a(E). Therefore, according
to Remark 3.4, the transform is a coherent system if and only if H0(X,Φ0a(N)) = 0 and
Φ0a(E) is locally free.
By Lemma 3.5 we have H0(X,Φ0a(N) = H
0(X,N) and Remark 3.4 implies that
H0(X,N) = 0 since ϕ : V ⊗ OX → E is a coherent system. On the other hand, since
we are on a curve and Φa is a Fourier-Mukai transform it follows that Φ
0
a(E) is Ψa−WIT1
and its transform is Φa − IT0, hence Φ0a(E) is locally free.
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Proposition 3.7. If ϕ : V ⊗OX → E is a coherent system such that E is Ψa − IT1 then
its Ψ1a-transform
Ψ1a(ϕ) : V ⊗OX → Ψ
1
a(E)
is a coherent system.
Proof. The natural exact sequence
0→ N
j
−→ V ⊗OX
ϕ
−→ E
pi
−→ F → 0
splits into the short exact sequences
0→ N
j
−→ V ⊗OX
ϕ¯
−→ Imϕ→ 0 (1)
0→ Imϕ
i
−→ E
pi
−→ F → 0 (2)
The transform Φ1a(ϕ) : V ⊗OX → Φ
1
a(E) is a coherent system if and only if H
0(Ψ1a(ϕ)) is
injective. By (1) and (2) ϕ = i ◦ ϕ¯, thus H0(Ψ1a(ϕ)) = H
0(Ψ1a(i)) ◦H
0(Ψ1a(ϕ¯)).
If we apply the Fourier-Mukai transform Ψa to (1) and (2) and we take into account
that OX and E are Ψa − IT1 we get the exact sequences
0→ Ψ1a(N)
Ψ1a(j)−−−→ V ⊗OX
Ψ1a(ϕ¯)−−−→ Ψ1a(Imϕ)→ 0 (3)
0→ Ψ0a(F )→ Ψ
1
a(Imϕ)
Ψ1a(i)−−−→ Ψ1a(E)
Ψ1a(pi)−−−→ Ψ1a(F )→ 0 (4)
Splitting (4) we get the short exact sequences
0→ Ψ0a(F )→ Ψ
1
a(Imϕ)
f
−→ ImΨ1a(i)→ 0 (5)
0→ ImΨ1a(i)
g
−→ Ψ1a(E)→ Ψ
1
a(F )→ 0 (6)
where Ψ1a(i) = g ◦ f .
Now if we take cohomology in (3), (5), (6) and bear in mind Lemma 3.5, we get that
H0(Ψ1a(ϕ¯)) and H
0(Ψ1a(i)) are injective. This finishes the proof.
13
Remark 3.8. The functor Ψ1a : C(X)→ C(X) induces a functor
Ψ1a : S
1
a(X)→ S(X)
where S1a(X) is the full subcategory of S(X) whose objects are those coherent systems
ϕ : V ⊗OX → E such that E is Ψa − IT1. △
4 Preservation of stability
Let us recall that α-stable coherent systems do exist only for α > 0 (see [9]). Moreover,
the α-range is divided into open intervals determined by a finite number of critical values
0 = α0 < α1 < · · · < αL
such that the moduli spaces for any two values of α in the interval (αi, αi+1) coincide; if
k ≥ r this is also true for the interval (αL,∞) (see [9, Propositions 4.2 & 4.6]).
In the rest of this section we assume that d 6= 0, k > 0. Then, according to [16,
Proposition 3.2 & Lemma 4.1], we have
Proposition 4.1. Let (E, V ) be an α-stable coherent system of type (r, d, k) on an elliptic
curve X. Then every indecomposable direct summand of E is of positive degree.
4.1 Small α
For a projective curve X we denote by G0(r, d, k) the moduli space of α-stable coherent
systems of type (r, d, k) with 0 < α < α1 and α1 is the first critical value.
The following is well known (see [23, Remark 1.4 (ii)]).
Proposition 4.2. A coherent system (E, V ) of type (r, d, k) is α-stable, with 0 < α < α1,
if and only if E is semistable and one has
k′
r′
<
k
r
,
for all coherent subsystems (E ′, V ′) of type (r′, d′, k′) with 0 6= E ′ 6= E and µ(E ′) = µ(E).
In the rest of this subsection α-stability refers to a positive α which is less than the
first critical value.
Let us assume now that X is an elliptic curve.
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Theorem 4.3. The Fourier-Mukai transform Φa induces a map
Φ0a : G0(r, d, k)→ G0(r + ad, d, k)
Proof. Given a coherent system ϕ : V ⊗OX → E ∈ G0(r, d, k) by Propositions 4.2 and 4.1
E is semistable of positive degree. Hence, r+ad > 0 and Proposition 2.10 implies that E is
Φa−IT0 and Φ0a(E) is semistable with Chern character ch(Φ
0
a(E)) = (r+ad, d). Therefore,
we can use Proposition 4.2 in order to prove that Φ0a(ϕ) : V ⊗ OX → Φ
0
a(E) ∈ G0(r, d, k).
If it were not the case, then we would have a coherent subsystem (Ê ′, V ′) of type (rˆ′, dˆ′, k′)
with µ(Ê ′) = µ(Φ0a(E)) and
k
r + ad
−
k′
rˆ′
≤ 0. (7)
The system and subsystem fit into the commutative diagram
0 // Ê ′ // Φ
0
a(E)
// Ê ′′ // 0
0 // V ′ ⊗OX //
OO
V ⊗OX //
OO
V/V ′ ⊗OX //
OO
0
Since Φ0a(E) is semistable, it follows that Ê
′ and Ê ′′ are semistable with µ(Ê ′) = µ(Ê ′′).
Thus Ê ′, Ê ′′ are Ψa − IT1 and by applying Ψa we get a subsystem
0 // Ψ1a(Ê
′) // E
0 // V ′ ⊗OX //
OO
V ⊗OX
OO
with ch(Ψ1a(Ê
′)) = (rˆ′ − adˆ, dˆ). The stability of V ⊗OX → E gives
k
r
−
k′
rˆ′ − adˆ
> 0 (8)
We can write the inequalities (7), (8) as
k
r(1 + aµ(E))
−
k′
rˆ′
≤ 0 (9)
k
r
−
k′
rˆ′(1− aµ(Ê ′))
> 0 (10)
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On the other hand, we have µ(Φ0a(E)) =
µ(E)
1+aµ(E)
. Thus, 1 − aµ(Ê ′) = 1
1+aµ(E)
and the
inequality (10) is equivalent to
k
r(1 + aµ(E))
−
k′
rˆ′
> 0
which contradicts (9).
In a similar way we prove:
Theorem 4.4. The Fourier-Mukai transform Ψa induces a map
Ψ1a : G0(r + ad, d, k)→ G0(r, d, k).
As a consequence of Theorems 4.3, 4.4, and the fact that Ψa[1] and Φa are quasi-inverses
we get the following result.
Theorem 4.5. The Fourier-Mukai transform Φa induces an isomorphism of moduli spaces
Φ0a : G0(r, d, k)→ G0(r + ad, d, k)
Therefore, the isomorphism type of G0(r, d, k) depends only on the class [r] ∈ Z/dZ.
4.2 Large α
In this subsection we suppose that 0 < k < r. Under this assumption, Lange and Newstead
proved in [16, Theorem 5.2] that for an elliptic curve the moduli space G(α; r, d, k) is non
empty if and only if 0 < α < d
r−k
and either k < d or k = d and gcd(r, d) = 1. Moreover,
in this case the largest critical value αL verifies αL <
d
r−k
.
For a projective curve X we denote by GL(r, d, k) the moduli space of α-stable coherent
systems of type (r, d, k) with αL < α <
d
r−k
. The description of this moduli space by means
of BGN extensions (see [10]) has been carried out in [8] where we refer for details (see also
[9, Remark 5.5]). Now we recall the main concepts used in these references.
Definition 4.6. A BGN extension of type (r, d, k) is an extension of vector bundles
0→ OkX → E → F → 0
which satisfies the following conditions
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1. rkE = r > k
2. degE = d > 0
3. H0(X,F∨) = 0
4. If (e1, . . . , ek) ∈ Ext
1
X(F,O
k
X) ≃ H
1(X,F∨)⊕k denotes the class of the extension, then
e1, . . . , ek are linearly independent as vectors in H
1(X,F∨).
The following result corresponds to [8, Proposition 4.1].
Proposition 4.7. Let (E, V ) be an α-semistable coherent system of type (r, d, k) with
αL < α <
d
r−k
. Then the evaluation map of (E, V ) defines a BGN extension
0→ OkX → E → F → 0
with F semistable.
On the converse direction we prove now:
Proposition 4.8. On a projective curve X a BGN extension of type (r, d, k)
0→ OkX → E → F → 0
defines an α-stable coherent system, with αL < α <
d
r−k
, if and only if F is semistable and
one has
k′
r′
>
k
r
,
for all subextensions
0→ Ok
′
X → E
′ → F ′ → 0
of type (r′, d′, k′) with µ(F ′) = µ(F ).
Proof. Since αL < α <
d
r−k
= µ(F ) we can write α = µ(F ) − ǫ, with ǫ > 0 and small
enough. The α-slope µα(E, k) of OkX → E can be expressed as µα(E, k) = µ(F ) − ǫ
k
r
.
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Given a coherent subsystem Ok
′
X → E
′ we have a commutative diagram
0 0 0
Ok−k
′
X
OO
// E ′′
OO
// F ′′
OO
0 // OkX
//
OO
E //
OO
F //
OO
0
0 // Ok
′
X
//
OO
E ′ //
OO
F ′ //
OO
0
0
OO
0
OO
K
OO
0
OO
whose rows and columns are exact, and we have the additional information given by the
associated Ker−Coker exact sequence 0→ K → Ok−k
′
X → E
′′ → F ′′.
We have µα(E
′, k′) = µ(E ′) + (µ(F )− ǫ) k
r
, and the difference function is
∆α(E
′, k′) = µα(E, k)− µα(E
′, k′) =
(
r′ − k′
r′
)
µ(F )− µ(E ′) + ǫ
(
k′
r′
−
k
r
)
.
Note that rkF ′ = 0 if and only if F ′ = 0. In fact, if F ′ were a torsion sheaf then
K = 0 since it is a subsheaf of the locally free sheaf Ok−k
′
X . Thus F
′ would be a subsheaf
of the locally free sheaf F , which is impossible. On the other hand, if F ′ = 0 we have
∆α(E
′, k′) = ǫ ( r−k
r
) > 0. Hence, this type of coherent subsystems are not destabilizing,
and we can assume from now on, without loss of generality, that rkF ′ 6= 0.
Therefore we can write µ(E ′) = ( r
′−k′
r′
)µ(F ′) and the difference function is
∆α(E
′, k′) =
(
r′ − k′
r′
)
(µ(F )− µ(F ′)) + ǫ
(
k′
r′
−
k
r
)
. (11)
Let us analyze the behavior of the term δ(F ′) = µ(F )− µ(F ′). In order to do this let
us split the exact sequence 0→ K → F ′ → F → F ′′ → 0 into the short exact sequences
0→ K → F ′ → I → 0
0→ I → F → F ′′ → 0
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Since K is locally free, its rank is zero if and only if K = 0. In that case F ′ is a subsheaf
of F and δ(F ′) ≥ 0 due to the semistability of F .
In the same way rk I = 0 if and only if I = 0. If we assume I = 0, then F ′ ≃ K and
µ(F ′) = µ(K) ≤ µ(Ok−k
′
X ) = 0 since K is a subsheaf of O
k−k′
X . On the other hand µ(F ) > 0
and we get δ(F ′) > 0.
In case that rK = rkK 6= 0, rI = rk I 6= 0 we have µ(F ) =
rK
rK+rI
µ(K) + rI
rK+rI
µ(I),
thus
δ(F ′) =
rK
rK + rI
µ(F ) + +
rI
rK + rI
(µ(F )− µ(I))−
rK
rK + rI
µ(K) > 0
since µ(F ) > 0, µ(F )− µ(I) ≥ 0 and µ(K) ≥ 0.
Due to the boundedness of the rational numbers that appear in the difference formula
(11), and since we can chose ǫ as small as we wish, the only coherent subsystems that can
be destabilizing are those with δ(F ′) = 0. According to the analysis that we have made
above, this is possible if and only if K = 0, and this is precisely the case corresponding to
a subextension.
Remark 4.9. Any BGN extension 0 → OkX → E → F → 0 in which the quotient F is
stable gives rise to an α-stable coherent system, with αL < α <
d
r−k
(see [8, Proposition
4.2]).
Let us denote by BGN (r, d, k), BGN s(r, d, k) the families of BGN extension classes of
type (r, d, k) on X in which the quotient is semistable or stable, respectively. Notice that
Remark 4.9 and Proposition 4.7 establish the following inclusions
BGN s(r, d, k) →֒ GL(r, d, k) →֒ BGN (r, d, k).
Let us assume now that X is an elliptic curve.
Proposition 4.10. The Fourier-Mukai transform Φa induces a map
Φ0a : BGN (r, d, k)→ BGN (r + ad, d, k)
by sending a BGN extension 0→ OkX → E → F → 0 to
0→ OkX → Φ
0
a(E)→ Φ
0
a(F )→ 0.
Moreover, Φ0a restricts to a map
Φ0a : BGN
s(r, d, k)→ BGN s(r + ad, d, k).
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Proof. Due to Proposition 2.10 F is Φa − IT0 and Φ0a(F ) is semistable. Since OX is also
Φa − IT0, it follows that we have an exact sequence 0→ OkX → Φ
0
a(E)→ Φ
0
a(F )→ 0. By
Lemma 3.5 we have H0(X,Φ0a(F )
∨) = 0. On the other hand, since Φa is an equivalence we
get an isomorphism
φa : Ext
1
X(F,OX)
⊕k ≃ Ext1X(F,O
k
X) = Ext
1
X(Φ
0
a(F ),O
k
X) ≃ Ext
1
X(Φ
0
a(F ),OX)
⊕k
Therefore if (e1, . . . , ek) represents the class of the original extension, then the transformed
extension is represented by (φa(e1), . . . , φa(ek)) and these vectors continue to be linearly
independent.
Finally, if F is stable then it follows from Proposition 2.10 that Φ0a(F ) is stable, this
proves the last statement.
In a similar way we prove:
Proposition 4.11. The Fourier-Mukai transform Ψa induces a map
Ψ1a : BGN (r + ad, d, k)→ BGN (r, d, k)
by sending a BGN extension 0→ OkX → E → F → 0 to
0→ OkX → Ψ
1
a(E)→ Ψ
1
a(F )→ 0.
Moreover, Ψ1a restricts to a map
Ψ1a : BGN
s(r + ad, d, k)→ BGN s(r, d, k).
Since Φa and Ψa[1] are quasi-inverses, by Propositions 4.10, 4.11 we have:
Theorem 4.12. The Fourier-Mukai transform Φa induces an isomorphism
Φ0a : BGN (r, d, k)→ BGN (r + ad, d, k)
that restricts to an isomorphism
Φ0a : BGN
s(r, d, k)→ BGN s(r + ad, d, k).
Theorem 4.13. The Fourier-Mukai transform Φa induces a map
Φ0a : GL(r, d, k)→ GL(r + ad, d, k)
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Proof. Given a coherent system in GL(r, d, k) we know by Proposition 4.7 that it defines
an extension 0 → OkX → E → F → 0 that belongs to BGN (r, d, k). By Proposition 4.10
the transformed extension 0→ OkX → Φ
0
a(E)→ Φ
0
a(F )→ 0 belongs to BGN (r + ad, d, k).
Therefore, in order to prove that its is α-stable we can use Proposition 4.8.
If it were not α-stable then there would exist a subextension of type (rˆ′, dˆ′, k′)
0 // OkX
// Φ0a(E)
// Φ0a(F )
// 0
0 // Ok
′
X
//
OO
Ê ′ //
OO
F̂ ′ //
OO
0
0
OO
0
OO
0
OO
with µ(F̂ ′) = µ(Φ0a(F )) and such that
k′
rˆ′
−
k
r + ad
≤ 0 (12)
Using arguments similar to those in Theorem 4.3 one shows that after applying Ψa we
obtain a subextension of type (rˆ′ − adˆ′, dˆ′, k′) of the original BGN extension
0 // OkX
// E // F // 0
0 // Ok
′
X
//
OO
Ψ1a(Ê
′) //
OO
Ψ1a(F̂
′) //
OO
0
0
OO
0
OO
0
OO
with µ(Ψ1a(F̂
′)) = µ(F ). The stability of the original BGN extension gives
k′
rˆ′ − adˆ′
−
k
r
> 0 (13)
Now we have
r + ad = r(1 + aµ(E)) = r{1 + a
(
r − k
r
)
µ(F )} (14)
rˆ′ − adˆ′ = r(1− aµ(Ê ′)) = rˆ′{1− a
(
rˆ′ − k′
rˆ′
)
µ(F̂ ′)} (15)
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On the other hand the equality µ(F̂ ′) = µ(Φ0a(F )) gives µ(F̂
′) = µ(F )
1+aµ(F )
. If we substitute
this in (15), after some algebra, we get
rˆ′ + adˆ′ =
rˆ′ + ak′µ(F )
rˆ′(1 + aµ(F ))
(16)
Substituting (14) in (12) and (16) in (13) we get, after clearing denominators,
k′(r + a(r − k)µ(F ))− krˆ′ ≤ 0 (17)
k′r(1 + aµ(F ))− k(rˆ′ + ak′µ(F )) > 0 (18)
Expanding this inequalities we get finally
k′r − krˆ′ + ak′(r − k)µ(F )) ≤ 0 (19)
k′r − krˆ′ + ak′(r − k)µ(F ) > 0 (20)
which can not hold simultaneously.
Using similar arguments we prove:
Theorem 4.14. The Fourier-Mukai transform Ψa induces a map
Ψ1a : GL(r + ad, d, k)→ GL(r, d, k).
As a consequence of Theorems 4.13, 4.14, and the fact that Ψa[1] and Φa are quasi-
inverses we have:
Theorem 4.15. The Fourier-Mukai transform Φa induces an isomorphism of moduli
spaces
Φ0a : GL(r, d, k)→ GL(r + ad, d, k)
Therefore, the isomorphism type of GL(r, d, k) depends only on the class [r] ∈ Z/dZ.
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5 Birational type of the moduli spaces G(α; r, d, k)
Let us denote by 0 = α0 < α1 < · · · < αL the critical values for coherent systems of type
(r, d, k). As we have mentioned above, the moduli spaces G(α; r, d, k) for any two values
of α ∈ (αi, αi+1) coincide. Thus there is only a finite number of different moduli spaces.
On the other hand one has (see [16, Theorem 4.4]) the following important result.
Theorem 5.1. The birational type of G(α; r, d, k) is independent of α ∈ (α0, αL).
Hence, the birational type shared by the finitely many different moduli spaces can be
determined by considering any of them. From the point of view of the study carried out in
previous sections by means of Fourier-Mukai transforms, the natural candidates to consider
are G0(r, d, k) and GL(r, d, k). However, the latter is in this respect less convenient than
the former since in Section 4.2 we have studied GL(r, d, k) under the restriction 0 < k < r,
whereas G0(r, d, k) has been considered in full generality in Section 4.1.
Theorem 5.2. Let a be a positive integer. The birational types of G(α; r, d, k) and G(α; r+
ad, d, k) are the same. Therefore, the birational type of G(α; r, d, k) depends only on the
class [r] ∈ Z/dZ.
Proof. By Theorem 5.1, the birational types of G(α; r, d, k) and G(α; r + ad, d, k) are the
same as those of G0(r, d, k) and G0(r + ad, d, k), respectively. Due to Theorem 4.5, the
Fourier-Mukai transform Φa induces an isomorphism Φ
0
a : G0(r, d, k) → G0(r + ad, d, k).
This finishes the proof in view of Theorem 5.1.
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